INTEGRAL CALCULUS: INDEFINITE & DEFINITE —

TRICKS, TRAPS & AREA UNDER CURVES

Maths - Calculus - Integral Calculus — JEE Main 2027 Cheat Sheet

thinkingcashew.com

Indefinite, Definite, Area

Substitution By parts Partial fractions

Al. CORE DERIV.

ES (memorise cold)

Trig integrals

Definite & properties Area

Bl. FUNDAMENTAL THEOREM & LEIBNI

n+1
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/lnzdm:zlnxfm

tan z do = In | sec z|; /cotzdw = In|sinz|

secz dr = In|secx + tanz| = In |tan (£ + T)|

csc:vdz:ln|tan%| = —In|cscz + cot z|
1t 1z dx 1 ) a-+zx
——— = —tan = —; ——— = —1In
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= —sec —
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/ ar"—:czdm:E\/(L?—mQ—Q—a—sin_lE
2 2 a
2
/ zQ:I:azdm:gx/mgﬂ:tﬁi%ln‘er\/mZ:taz‘

e Trap: Always +C; In|z| with modulus. Marks are cut for Inz.
o [ f(az + b)dex = L F(ax + b) — divide by a, students forget.

. dx _ o dx . —1 1 -1
e Trap: f 2iaz V8 f ok tan” " has 7, sin” " has none.

A2. SUBSTITUTION — PATTERN TABLE

o [ LS4 = |f@)]; [ £ @) (@) dz = LT

e See Va2 —x2 = x = asinf; Va?2 + 2?2 = x = atanb; Vz2 — a2 => x =
asecf.

\age or y/5=% = x =acos20 / z = acos? 0 + Bsin? 6.
1

o — — type,or —4&____ =g o =1

(z—a)F (z—o)Vaz2+bztc t

o ——dz___ — 5= 1 then substitute for the surd.
(az24b)Vca2+d t’

Only even powers of z in a hard rational = try 22 = ¢.

. n—1
. fﬁ: multiply by ;nﬁ, put 2" + 1 = t¢.

2
+1
Trick: / _r =2 dz: divide num & den by 22, write as 1 + %, use
x4 + kx? 41 ®

t=xzF L with z2 4+ z% = ¢2 4 2. Splitting fffl into (z2 4+ 1) + (z? — 1)
cracks the “4+1 and —1” pair.

e Trap: Changing variable but forgetting to change dz, or re-substituting
back in an indefinite answer.

A3. INTEGRATION BY PARTS
/uvda: = u/'u dz —/ (u/ / ’Ud.’L’) dz, order by ILATE (Inverse, Log,

Algebraic, Trig, Exponential) for choosing wu.
. flna:dw, fsin_1 z dz, ftan_lwdw: take v = 1.

e Golden result: /eI{f(a:) + f/(z)}dz = " f(z) + C. Spot f + f' after

factoring e”. e.g. [ emwdz =e%lnz.
e?®(asin bz — bcos bx)

o [ e*®sinbrdx = 2T (swap for cos: acosbx +
bsinbz).

o [{zf'(z) + f(z)}dz = zf(z); [e” (;;;11))3 dz type: force f + f’ form.

e Loop trick: if the same integral I reappears, solve I = -.. — kI.

e Trap: Wrong ILATE order flips a 2-line sum into an endless loop.
fsin_1 x - x dx: inverse is u, not x.

A4. PARTIAL FRACTIONS

e Make proper first (divide if deg N > deg D) — most common silly error.

o (zr—a)— ﬁ; (z — a)2 — 2o+ #; irreducible (112 + bz + ¢) —
Az+B
z2+bm+c
e Cover-up: A = g}(“;)) for distinct linear roots — fastest in MCQs.
Tr=a
. m = ﬁ [wia — wib] (telescoping friend).
e For 1551)) substituting = % often beats full decomposition.

A5. QUADRATIC-DENOMINATOR TOOLKIT

2
Always complete the square: az? 4+ bz 4+ ¢ = a [(x + %)2 + %QL],
then match a core form.
° /L—i_qdz write pr + ¢ = A(2az + b) + p. Then Aln || +
az?2 + bz +c ’

dz

H f az2+brtc’

. px +q d
e Same split works fo — " - _dz (= 22/Q + dz —
me split wor T i R e ( Q Nf Q

ax? + bz + c) and for f(pw + g¢)Vaz? + bx + cdzx.

o [ cimaEesss: write = L csc(x + ¢) with r = Va? + 5.

e Trap: Sign of 4ac — b? decides tan™* vs In vs sin~! — check the dis-
criminant before quoting a formula.

e Trap: Va2 = la] when you pull terms out of a square root after com-
pleting the square.

A6. TRIGONOMETRIC INTEGRALS

e Odd power of sin = t = cosz (and vice-versa); both even = power-

reduction sin? = #

dx dx 2t _ 11— __ _2dt
o f atbcosz’ atbsinz T2 COST = 71_,_,,27‘195 =12

(all terms degree 2): divide by cos? z, put t = tan z.

+2

:t=tan §, sinz =

dx
° f a sin2 x+b cos2
asinztbeosee gp. write Num = A(Den) 4 p(Den)’ + v.

psin@tqcosatr

e V1ZEsinxz = |sin § £ cos §| — Trap: dropping modulus changes sign
on half the domain.

e Reduction: I, = fsin" rdr = —M + "T_lln_g.
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b

/ f(z)dz = F(b) — F(a) (valid only if f is continuous on [a, b]).

d h(x)

dx J o)

e Definite integral is a number: no +C, variable of integration is dummy:

b b

fa f(z)dz = fa f(t)dt.

e Trap: Applying FTC across a discontinuity. fi1 % # —2 (it diverges);
check the integrand blows up inside.

e Trap: f()ﬂ ﬁ with ¢ = tanz: tan is undefined at 5. Split at 7
and use symmetry.

o If f: f =0 and f continuous, f must vanish somewhere in (a,b).

B2. PROPERTY TOOLKIT (highest yield)

b b
e King: / f(z)dz =/ fla+b—2z)dzx. Add I+1I when f(z)+ f(a+b—2x)

f(t)dt = f(h)h'(z) — f(9)g’ (z) (Newton—Leibniz).

is constant. Classic: foﬂ/z %dm = Z Vn.
Even/Odd: [“ f = 2 [ f if even, 0 if odd. Split f into even+odd

parts to kill half the work.

e = [15@) + 0 - adzs = 2 f3 1 it 120 - 2) = @),
:00 if f(2a —z) ) —f(z).
Periodic T: fO”T f= nfOT f; ff+T f= fOT f for every a.
fo"/2 f(sinz)de = 0"/2 f(cos z)dzx. Also [z f(sinz)dz =
%[5 f(sinz)dz — Kills the z.

e Walli’s: fow/2 sin™ zcos" xdx = [(m_1)52;:))'('7;3_['_(2:;;(7_3)"‘] -k,
where k = % if m,n are both even, else k = 1; e.g. f0"/2 sin*zde =
31, =
i2 "2

[ [ FI < [Ifl;if m < f < M then m(b—a) < f:f < M (b — a) (used for
“which interval” MCQs).

Trap: Using even/odd when the integrand has |z|, [z], {z} or sgn —
recheck parity; [z] is not odd.

Trap: f: f with a > b: sign flips. Never ignore limit order after substi-
tution — always convert limits, never back-substitute.

B3. SPECIAL EVALUATIONS

. fo"/2 In(sin z)dx = fo"/2 In(cos z)dz = — % In 2.

/2 da _ x. (1 In(1+x) o
® Jo TFtan® @ — 4 fo Tta2 dr = g In2.

e Modulus/GIF: split the interval at zeros/integer points: fO?’ |z — 1|dx,
fon[a:]dw = %, fon{w}da: = 2.

1 & r L
e Limit of a sum: lim 7Zf(7) = / f(z)dz. Replace ;. — =z,
% — dx; limits = lim &~ at r =1 and r = n.

e Trap: In limit-of-sum, wrong upper limit (e.g. 7 up to 2n gives f02)
Check both ends.

C. AREA UNDER CURVES

e Area = fab lyldz (strip || y-axis) or fcd |z|dy (strip || xz-axis). Choose
whichever needs fewer splits.

Between curves: f: (Ytop — Ybot)dx with a, b the intersection abscissae.
Trap: Region below the z-axis gives a negative integral. Split at every
zero of f and add absolute values — area is never negative.
Parabola—chord (Archimedes): area cut from y = az® + bz 4 ¢ by a line

_ )3 2_ 3/2 .
meeting it at * = «, (8 is la‘(ﬂﬁ IR C ;ch) for the z-axis chord.
2 2
e Ellipse 2—2 + g—Q = 1: area = wab; circle 7'rr2; parabola y2 = 4az & latus
2
rectum: %.
. y2 = daz and z° = 4by enclose 163“b; y2 = 4az inside z? + y2 = a? etc.

— always sketch first.

Symmetry saves time: even function or quadrant symmetry = compute
one part, multiply.

Trap: Forgetting that \/* gives only the upper branch; y? = 4az needs
2 [y dz for the full region.

D. RESULTS THAT KEEP REPEATING

o [sec® zdx = L[secztanz + In|secz + tan z].

dx — . dx — _1 x 1 -1z
'fsinmcosz—1n|tan1|>f(zz+a2)2 —m[mﬁ-gtan E]'

o f (193-8:)2 do = 555 [ e” (% - ﬁ) dz = = (f + ' pattern).

o [ 1225+ divide by @®, split into ¢ = 2 F 1 pair.

. fol 2™ (1 — z)"dz = mﬁliyﬁ_'l),

o 7 VEE e = 25 [ lcosalda = 2, [77 |sinelda = 2n.

° an f(x)dx = an f(a — z)dx — the one-line version of King, used in most
property questions.

(integers m,n > 0).

° ftan_lmd:v = xtan o — %ln(l + zz); fsin_lzdm = zsin" 'z +
V1 —2z2.
EXAM-DAY CHECKLIST

e Differentiate the options — in indefinite-integral MCQs, back-
differentiation is faster than integrating.

e Verify an answer by plugging a convenient value (e.g. z = 0,1) or com-
paring numerically.

e Two answers may differ by a constant and both be “correct” — match
the form given in options.

e Domain check: In needs positive argument, sin™

needs |z| > 1.

1 1

needs |z| < 1, sec”

—22 g .
T, 8nz %), the question wants a

e If an integral looks impossible (e - e

property, not evaluation.
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